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$\mathrm{Y}_{n}=S_{n}+Z_{n}$ , $n=1,2,$ $\ldots$ ,
$Z=\{Z_{n};n=1,2, \ldots\}$ $0$ ,
$S=\{S_{n\mathrm{i}^{n}}=1,2, \ldots\}$ $\mathrm{Y}=\{\mathrm{Y}_{n};n=1,2, \ldots\}$
. .
, . . . , $\mathrm{Y}_{n-1}$
. $R$ , $n$ $x^{n}(W, \mathrm{Y}^{n}-1),$ $W\in\{1, \ldots, 2^{nR}\}$
$g_{n}$ : $\mathbb{R}^{n}arrow\{1,2, \ldots, 2^{nR}\}$
$Pe^{(n)}=Pr\{g_{n}(\mathrm{Y}n)\neq W;Y^{n}=x^{n}(W,Y^{n-1})+Z^{n}\}$ ,
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. $w$ $\{1, 2, \ldots, 2^{nR}\}$ – $Z^{n}=(Z_{1,2,.n}Z.., z)$
. .
$\frac{1}{n}\sum_{i=1}^{n}E[S_{i}2]\leq P$
. causal . $S_{i}(i=1,2, \ldots, n)$ $Z_{1},$ $\ldots,$ $Z_{i-1}$








Cover and Polnbra .
Proposition 1(Cover and Pombra [5]) $\epsilon>0$ $n=1,2,$ $\ldots$
$n$ $2^{n(c_{n}},FB(P)-\xi)$ $narrow\infty$ $Pe^{(n)}arrow 0$







$0<r_{1}\leq r_{2}\leq\cdots\leq r_{n}$ $R_{Z}^{(n)}$ $k(\leq n)$ $nP+r_{1}+\cdots+r_{k}>kr_{k}$
.
$C_{n,FB}’(P)$






Theorem 1 $P>0,$ $\alpha>0$ $F(P, \alpha)=\frac{1}{\alpha}C_{n,F}B(\alpha P)$ .
(a), (b), (c) .
(a) $P>0$ $F(P, \alpha)$ $\alpha$ .
(b) $P>0\text{ }$. Jim $F(P, \alpha)=\frac{P}{2r_{1}}$ .
(c) $P>0$ $\lim_{\alphaarrow\infty}F(P, \alpha)=0$ .
Corollary 1 $P>0,0<\alpha\leq 1$
$\alpha C_{l,F},B(\frac{P}{\alpha})\leq cn,FB(P)\leq\frac{1}{\alpha}C_{n,FB}(\alpha P)$ .
Corollary 2 $P>Q$
$\frac{c_{l\mathrm{t},FB}(P)}{C_{n,FB}(Q)}\leq\frac{P}{Q}$ .
Theorem 2 $P>0,$ $\alpha>0$ $G(P, \alpha)=Cn,FB(\alpha P)+\frac{1}{2}\ln\frac{1}{\alpha}$ .
(a), (b), (c) .
(a) $P>0$ $C_{\tau}(P, \alpha)$ $\alpha$ .
(b) $P>0$ $\lim_{\alphaarrow 0}c(P, \alpha)=\infty$ .
(c) $P>0[\mathrm{C}]$Lr $\lim_{\alphaarrow\infty}C_{\tau}(P, \alpha)=\frac{1}{2}\ln\frac{P}{\sqrt[\hslash]{r_{1}r_{n}}}$ .
Corollary 3 $P>0,0<\alpha\leq 1$
$c_{n,FB}.( \frac{P}{\alpha})+\frac{1}{2}\ln\alpha\leq c_{n,FB}(P)\leq C_{n,FB}(\alpha P)+\frac{1}{2}\ln\frac{1}{\alpha}$ .
Corollary 4 $P>Q$
$C,n,FB(P)-C \prime B(n,FQ)\leq\frac{1}{2}\ln\frac{P}{Q}$ .
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Proof of Theorem 1(a). Baker [1]














$=$ $\frac{1}{2n}$ hn $\frac{|R_{S}+\sqrt{\alpha}Rsz+\sqrt{\alpha}RzS+R_{Z}|}{|R_{Z}|}$
$=$
$\frac{1}{2\mathit{7}l}\ln\frac{|Rs+R^{\frac{1}{s2}}\sqrt{\alpha}VR\frac{1}{Z2}+R\frac{1}{Z\mathrm{z}}\sqrt{\alpha}V\mathrm{f}R^{\frac{1}{s2}}+Rz|}{|R_{Z}|}$ . (1)
$0<\alpha\leq 1$ $||\sqrt{\alpha}V||=\sqrt{\alpha}||V||\leq 1$ $Tr[Rs]\leq nP$
(1) .
$\alpha\frac{1}{2n}\ln\frac{|R_{\frac{s}{\sqrt{\alpha}}+Z}|}{|R_{Z}|}\leq c_{n},FB(P)$ . (2)
$Tr[R_{\frac{s}{\sqrt{\alpha}}}] \leq\frac{nP}{\alpha}$
(2) .
$\alpha C_{n,FB}(\frac{P}{\alpha})\leq C_{n,FB}(P)$ . (3)
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– $0<\alpha\leq\beta$ (3)
$\frac{1}{\beta}c_{n.,FB}(\beta P)=\frac{1}{\alpha}\frac{\alpha}{\beta}c_{n},FB(\frac{\beta}{\alpha}\alpha P)\leq\frac{1}{\alpha}C_{n,FB}(\alpha P)$ .
$F(P, \alpha)$ $\alpha$ . $\square$
Proof of Theorem 1(b). Dembo [7]
$\lim_{\alphaarrow 0}\frac{1}{\alpha}c_{n},FB(\alpha P)=\alphaarrow 1\mathrm{i}\mathrm{n}1\frac{1}{\alpha}c0n(\alpha P)$ .
$\alpha$ $\alpha P$ .
$\frac{1}{\alpha}C_{n}(\alpha P)$ $=$ $\frac{1}{\alpha}\frac{1}{2n}\ln\frac{\uparrow \mathrm{t}\alpha P+r_{1}}{r_{1}}$
$=$ $\frac{1}{2n}\ln(1+\frac{n\alpha P}{r_{1}})1/\alpha$





Proof of Theorem 1(c).
$\frac{1}{\alpha}C_{n,FB}(\alpha P)\leq\frac{2}{\alpha}C_{n}(\alpha P)$
$\lim_{\alphaarrow\infty}\frac{1}{\alpha}C_{n}(\alpha P)=0$




























$\alpha(0<\alpha\leq 1)$ $||\sqrt{\alpha}V||=\sqrt{\alpha}||V||\leq 1$ $Tr[R_{S}]\leq nP$
(4) .





$-$ $\ovalbox{\tt\small REJECT}$ Ps 1
$c,n,FB(^{-}\overline{\alpha})+_{\overline{2}}\ln\alpha\leq cn,FB(Parrow)$ . (6)
– $0<\alpha\leq\beta$ (6)
$C_{n,FB}( \beta P)+\frac{1}{2}\ln\frac{1}{\beta}=c_{n,FB}(\frac{\beta}{\alpha}\alpha P)+\frac{1}{2}\ln(\frac{\alpha}{\beta}\frac{1}{\alpha})\leq c_{n,FB(}\alpha P)+\frac{1}{2}\ln\frac{1}{\alpha}$.
$G(P, \alpha)$ $\alpha$ .
Proof of Theorem 2(b).
$C_{n}(\alpha P)\leq C_{n,FB}(\alpha P)$
$\lim_{\alphaarrow 0}\mathrm{t}cn(\alpha P)+\frac{1}{2}\ln\frac{1}{\alpha}\}=\infty$
. $\alpha$ $\alpha P$ .
$C_{n}’( \alpha P)+\frac{1}{2}\ln\frac{1}{\alpha}=\frac{1}{2n}\ln\frac{\uparrow l\alpha P+\prime^{\tau}1}{r_{1}}+\frac{1}{2}\ln\frac{1}{\alpha}arrow\infty(\alphaarrow 0)$ .
.
Proof of Theorem 2(c). Dembo [7]
$\alphaarrow\infty 1\mathrm{i}_{\mathrm{l}}\mathrm{n}\{C_{n,F}B(\alpha P)-cn(\alpha P)\}=0$ .
$\alphaarrow\infty 1\mathrm{i}_{\mathrm{l}}\mathrm{n}\{Cn,FB(\alpha P)+\frac{1}{2}\ln\frac{1}{\alpha}\}$
$=$ $\alphaarrow\infty 1\mathrm{i}_{\mathrm{l}}\mathrm{n}\{c_{n,FB}(\alpha P)-cn(\alpha P)\}+\alphaarrow\lim\infty\{C_{n}(\alpha P)+\frac{1}{2}\ln\frac{1}{\alpha}\}$
$=$ $\alphaarrow\infty 1\mathrm{i}\mathrm{n})\{cn(\alpha P)+\frac{1}{2}\ln\frac{1}{\alpha}\}$ .
$\alpha$ $\alpha P$ .










Definition 1 (Yanagi [13]) $R_{Z}^{(n)}=\{z_{ij}\}$ $L_{k}=\{l(\neq k);z_{k}\iota\neq 0\}$ .
(a) $k$ $L_{k}=\emptyset$ $R_{Z}^{(n)}$ .
(b) $k$ $L_{k}\neq\emptyset$ $R_{Z}^{(n)}$ .
(c) $L_{k}$. $=\emptyset$ $L_{\ell}\neq\emptyset$ $k,$ $\ell$ $R_{Z}^{(n)}$
. $L_{k}$. $\neq\emptyset$ $k$ $R_{Z}^{(n)}$ $\tilde{R}z$
.
.












$P>P_{0}$ $\alpha P=P_{0}$ Corollary 1 $\mathrm{P}\mathrm{r}\mathrm{o}\dot{\mathrm{p}}$osition 3
.
$C_{n},(P)<C_{n,FB}(P) \leq\frac{P}{P_{0}}c_{n,FB}(P0)=\frac{P}{P_{0}}C_{n}(P_{0)}$ .
Corollary 2 Proposition 3 .
$C_{n}(P)<c_{n,FB}(P) \leq C_{n,FB}(P_{0)}+\frac{1}{2}\ln\frac{P}{P_{0}}$






$r_{1}=1,$ $r_{2}=2,$ $r_{3}=3,$ $r_{4}=5$
. $P$
.
Proposition 4 (Yanagi [15])




$\lambda_{n-1}$ $R_{Z}^{(n)}$ 1, 2, . . . , $n-1$ $R_{Z}^{(?l)}$ 1, 2, .. . , $n-1$
.
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Proposition 5 (Dembo [7], Yanagi [13])
$C_{n}(P) \leq Cn,FB(P)\leq\frac{1}{2}\ln(1+\frac{P}{r_{1}})$ .
Proposition 6(Cover and Pombra [5])
$C_{n}(P) \leq Cn,FB(P)\leq on(P)+\frac{1}{2}\iota \mathrm{n}2$ .
Proposition 7 (Cover and Pombra [5])
$C_{n}(P)\leq C_{l\iota,FB}(P)\leq 2C_{n}(P)$ .
Proposition 4, 5, 6, 7 Corolary 4, 3
Fig. 1 .




$G..i\cdot$ ($\alpha \mathrm{P}\mathfrak{l}\cdot\frac{\iota}{\mathrm{a}}f\mathrm{w}\frac{\iota}{\mathrm{r}}\ldots\triangleright\triangleright$ Cm $\{\mathrm{p}_{1}$) $\cdot\frac{\iota}{\mathrm{a}}1\epsilon \mathrm{P}\doteqdot$







$C_{n}(P)$ $C_{?\iota,,FB}(P)$ $\mathrm{P}$ concave
. $C_{-n}.(P)$ $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{c}\mathrm{a}\backslash \Gamma \mathrm{e}$
. , $\alpha,$ $\beta\geq 0,$ $(\alpha+\beta=1)$ $P,$ $Q\geq 0$
$C_{n}(\alpha P+\beta Q)\geq\alpha C_{n}(P)+\beta c_{n}(Q)$
. $C_{n,FB}’(P)$ concave .
$C_{n,FB}’(P)$ concave (Corollary 1) ,




$R_{\mathrm{Y}}^{(2)}.=$ , $R_{Z}^{(2)}=$ , $B=$ .
Yanagi [13] $c_{2,FB}(P)$ .
$C,2,FB(P)=_{0\leq} \max_{a\leq 2P}\frac{1}{4}\ln\frac{(a+k^{n})(b+\iota)-(|m|-\sqrt{ab})^{2}}{k^{\wedge}l-m^{2}}$ ,
$b= \frac{(2P-a)(a+k\prime)}{karrow}$ , $c=-.\mathrm{s}gn(m.)^{\sqrt{c\iota b}}$, $t=- \frac{c}{a+k’}$
. $R_{Z}^{(2)}$
$\frac{5+\sqrt{0^{\ulcorner}}}{2}-\tau^{\backslash }\backslash ,$ $C_{2}(P)$ $c_{2,FB}(P)$ { Fig. 2 $\text{ },\backslash \overline{\tau\backslash }$ .
$R_{Z}^{(4)}$ $C_{4}’(P)$ $C_{4,FB}(P)$




$r_{1}= \frac{5-\sqrt{5}}{2}$ , $r_{2}= \frac{5+\sqrt{5}}{2}$
$R_{z^{4)}}^{(}=$ ,






[1] C. R. Baker, “Joint measures and cross covariance operators”, Trans. Amer.
Math. Soc., vo1186, pp 273-289, 1973.
[2] H. W. Chen and K. Yanagi, “On the Cover’s conjecture on capacity of Gaussian
channel with feedback”, IEICE Trans. Fundamentals, $\mathrm{v}\mathrm{o}\mathrm{l}$ E80-A, no 11, pp
2272-2275, November 1997.
[3] H. W. $\mathrm{c}^{\mathrm{t}}\mathrm{h}\mathrm{e}\mathrm{n}$ and K. Yanagi, “Refinements of the half-bit and factor-of-two
bounds for capacity in Gaussian channels with feedback”, IEEE $\mathrm{H}\cdot \mathrm{a}\mathrm{n}\mathrm{s}$. Infor-
mation Theory, $\mathrm{v}\mathrm{o}\mathrm{l}$ IT-45, no. 1, $\mathrm{p}\mathrm{p}319$ - 325, January 1999.
[4] T. M. Cover, “Conjecture: Feedback does not help much” in Open problems in
communication and computation, T. Cover and B. Gopinath (Ed.), pp 70-71,
Springer-Verlag, New York, 1987.
[5] T. M. Cover and S. Pombra, “Gaussian feedback capacity”, IEEE Hans. Infor-
mation Theory, $\mathrm{v}\mathrm{o}\mathrm{l}$ IT-35, no 1, pp 37-43, January 1989.
[6] T. M. Cover and J. A. Thomas, Elements of Information Theory, New York,
Wiley, 1991.
[7] A. Dembo, “On Gaussian feedback capacity”, IEEE Trans. Information Theory,
$\mathrm{v}\mathrm{o}\mathrm{l}$ IT-35, no 5, pp 1072-1089, September 1989.
[8] P. Ebert, “The capacity of the Gaussian channel with feedback”, Bell. Syst.
Tech. .J., $\mathrm{v}\mathrm{o}\mathrm{l}49$ , pp 1705-1712, 1970.
[9] R. G. Gallager, Information Theory and Reliable Communication, John Wiley
and Sons, New York, 1968.
[10] S. Ihara and K. Yanagi, “Capacity of discrete time Gaussian channel with and
without feedback, II”, Japan J. Appl. Math., $\mathrm{v}\mathrm{o}\mathrm{l}6$ , pp 245-258, 1989.
[11] M. Pinsker, talk delivered at the Soviet Information Theory Meeting, (no
abstract poblished), 1969.
[12] K. Yanagi, “An upper bound to the capacity of discrete time Gaussian channel
with feedback”, Lecture Notes in Math., vo11299, pp 565-570, 1988.
129
[13] K. Yanagi, “Necessary and sufficient condition for capacity of the discrete time
Gaussian channel to be increased by feedback”, IEEE Trans. Information The-
ory , $\mathrm{v}\mathrm{o}\mathrm{l}$ IT-38, $1^{3}1$) 1788-1791, no 6, November 1992
[14] K. Yanagi, “An upper bound to the capacity of discrete time Gaussian channel
with feedback, II,”, IEEE bans. Information Theory, $\mathrm{v}\mathrm{o}\mathrm{l}$ IT-40, no 2, pp 588-
593, March 1994.
[15] K. Yanagi, “An upper bound to the capacity of discrete time Ga.ussian channel
with feedback, III,”, Bull. Kyushu. Inct. Tech,. Pure Appl. Math., no 45, pp
1-8, March 1998.
130
